CANONICAL SUBGROUPS OF BARSOTTI-TATE GROUPS 



YICHAO TIAN 



Abstract. Let S be the spectrum of a complete discrete valuation ring with fraction field of 
characteristic and perfect residue field of characteristic p > 3. Let G be a truncated Barsotti- 
Tate group of level 1 over S. If "G is not too supersingular" , a condition that will be explicitly 
expressed in terms of the valuation of a certain determinant, we prove that we can canonically 
lift the kernel of the Frobenius endomorphism of its special fibre to a subgroup scheme of G, 
finite and flat over S. We call it the canonical subgroup of G. 



1. Introduction 

1.1. Let Ok be a complete discrete valuation ring with fraction field K of characteristic and 
perfect residue field k of characteristic p > 0. We put S = Spec(C'/<-) and denote by s (resp. 77) 
its closed (resp. generic) point. Let G be a truncated Barsotti-Tate group of level 1 over S. If Gg 
is ordinary, the kernel of its Frobenius endomorphism is a multiplicative group scheme and can be 
uniquely lifted to a closed subgroup scheme of G, finite and flat over S. If we do not assume Gg 
ordinary but only that "G is not too supersingular" , a condition that will be explicitly expressed in 
terms of the valuation of a certain determinant, we will prove that we can still canonically lift the 
kernel of the Frobenius endomorphism of Gg to a subgroup scheme of G, finite and flat over S. We 
call it the canonical subgroup of G. Equivalently, under the same condition, wc will prove that the 
Frobenius endomorphism of Gg can be canonically lifted to an isogeny of truncated Barsotti-Tate 
groups over S. This problem was first raised by Lubin in 1967 and solved by himself for 1-parameter 
formal groups [16j . A slightly weaker question was asked by Dwork in 1969 for abelian schemes 
and answered also by him for elliptic curves [5]: namely, could we extend the construction of 
the canonical subgroup in the ordinary case to a "tubular neighborhood" (without requiring that 
it lifts the kernel of the Frobenius)? The dimension one case played a fundamental role in the 
pioneering work of Katz on p-adic modular forms ^14]. For higher dimensional abelian schemes, 
Dwork's conjecture was first solved by Abbes and Mokrane [T]; our approach is a generalization of 
their results. Later, there have been other proofs, always for abelian schemes, by Andreatta and 
Gasbarri Kisin and Lai [T3] and Conrad ^Tj. 

1.2. For an S'-scheme X, we denote by Xi its reduction modulo p. The valuation Vp of K, 
normalized by Vp{p) = 1, induces a truncated valuation Osi\{0} ^ Q fl [0,1). Let G be a 
truncated Barsotti-Tate group of level 1 and height h over S, G^ be its Cartier dual, and d be the 
dimension of the Lie algebra of Gg over k. The Lie algebra Lie{Gi ) of Gi is a free Os^-module 
of rank d* — h — d, canonically isomorphic to Hom(5j)jppj(Gi,Ga) ([12] 2.1). The Frobenius 
homomorphism of Ga over 5*1 induces an endomorphism F of Lie(G^), which is semi-linear with 
respect to the Frobenius homomorphism of Osi- We define the Hodge height ()3.11|) of Lie{Gi ) 
to be the truncated valuation of the determinant of a matrix of F. This invariant measures the 
ordinarily of G. 
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1.3. Following [1], we construct the canonical subgroup of a truncated Barsotti-Tate group over 
S by the ramification theory of Abbes and Saito [5] • Let G be a commutative finite and fiat group 
scheme over S. In [T], the authors defined a canonical exhaustive decreasing filtration (G°, a € Q>o) 
by finite, flat and closed subgroup schemes of G. For a real number a > 0, we put = U(,>aG'', 
where b runs over rational numbers. 

Theorem 1.4. Assume that p > and let e be the absolute ramification index of K and j = 
e/{p — 1). Let G be a truncated Barsotti-Tate group of level 1 over S, d be the dimension of the 
Lie algebra of Gg over k. Assume that the Hodge height o/Lie(G^) is strictly smaller than 1/p. 
Then, 

(i) the subgroup scheme G^^ of G is locally free of rank p'^ over S ; 

ill) the special fiber of G^^ is the kernel of the Frobenius endomorphism ofGs- 

1.5. Statement (i) was proved by Abbes and Mokrane !1^ for the kernel of multiplication by p of 
an abelian scheme over S. We extend their result to truncated Barsotti-Tate groups by using a 
theorem of Raynaud to embed G into an abelian scheme over S. To prove statement (ii), which 
we call "the lifting property of the canonical subgroup" , we give a new description of the canonical 
filtration of a finite, fiat and commutative group scheme over S killed by p in terms of congruence 
groups. Let K be an algebraic closure of the fraction field of 5, be the integral closure of Ok in 
li. Put 'S = Spec(C';^). For every \ & with < Vp{\) < l/{p - 1), Sekiguchi, Oort and Suwa 
[20] introduced a finite and flat group scheme G\ of order p over S (see (|7.ip ): following Raynaud, 
we call it the congruence group of level A. If Vp{X) — 0, G\ is isomorphic to the multiplicative 
group scheme jip = Spec(C'-j^[A']/ [X^ — 1)) over S\ and if Up(A) — l/(p — 1), G\ is isomorphic to 
the the constant etale group scheme Fp. For general A G Oj^ with < A < l/(p— 1), there is a 
canonical S'-homomorphism 6\ : G\ — > /ip, such that 9 ® K \s an isomorphism. For a finite, fiat 
and commutative group scheme G over S killed by p, 9\ induces a homomorphism 

61a (G): Homg(G,GA) ^ G" (K) = Homg(G,/^p). 

We prove that it is injective, and its image depends only on the valuation a = Vp{X); we denote 
it by G'^ {K)^'^'^\ where e is the absolute ramification index of K (the multiplication by e will be 
justified later). Moreover, we get a decreasing exhaustive filtration (G^(if)[°l, a G Q n [0, ^;3y])- 

Theorem 1.6. Let G be a finite, flat and commutative group scheme over S killed by p. Under 
the canonical perfect pairing 

G(K) X G''{K)^y.p{K), 
we have for any rational number a G Q>0; 



G''+{K)- 



G'V(x)[5^-fl^ if < a < ^ 
G^K), if a>^. 



p-i ' 



Andreatta and Gasbarri [3j have used congruence groups to prove the existence of the canonical 
subgroup for abelian schemes. This theorem explains the relation between the approach via the 
ramification theory of [T] and this paper, and the approach of [3]. 

1.7. This article is organized as follows. For the convenience of the reader, we recall in section 2 
the theory of ramification of group schemes over a complete discrete valuation ring, developed in 
[2] and [T]. Section 3 is a summary of the results in [Ij on the canonical subgroup of an abelian 
scheme over S. Section 4 consists of some preliminary results on the fppf cohomology of abelian 
schemes. In section 5, we define the Bloch-Kato filtration for a finite, fiat and commutative group 
scheme over S killed by p. Using this filtration, we prove Theorem II. 4f i) in section 6. Section 7 
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is dedicated to the proof of Theorem 11.61 FinaUy in section 8, we complete the proof of Theorem 
mii). 

1.8. This article is a part of the author's thesis at Universite Paris 13. The author would like to 
express his great gratitude to his thesis advisor Professor A. Abbes for leading him to this problem 
and for his helpful comments on earlier versions of this work. The author thanks Professors W. 
Messing and M. Raynaud for their help. He is also grateful to the referee for his careful reading 
and very valuable comments. 

1.9. Notation. In this article, Ok denotes a complete discrete valuation ring with fraction field 
K of characteristic 0, and residue field k of characteristic p > 0. Except in Section 2, we will 
assume that k is perfect. Let K be an algebraic closure of K, Qk — G&\{K / K) be the Galois 
group of K over K, Oj^ be the integral closure of Ok in m-j^ the maximal ideal of O-f^, and k 
be the residue field of O^. 

We put S — Spec(C'i<-), S — Spec(C'-j^), and denote by s and 77 [resp. s and ij) the closed and 
generic point of S {resp. of S) respectively. 

We fix a uniformizer tt of Ok ■ We will use two valuations v and Vp on Ok , normalized respec- 
tively by v{Tr) ~ 1 and Vp{p) — 1; so we have v = evp, where e is the absolute ramification index 
of K. The valuations v and Vp extend uniquely to K; we denote the extensions also by v and Vp. 
For a rational number a > 0, we put ma = {x £ K; Vp{x) > a} and Sa = Spec{0^/ma)- If X is a 
scheme over S, we will denote respectively by X, X-g and Xa the schemes obtained by base change 
of X to S,s and Sa- 
lt G is a commutative, finite and fiat group scheme over S, we will denote by its Cartier 
dual. For an abelian scheme A over S, will denote the dual abelian scheme, and pA the kernel 
of multiplication by p, which is a finite and fiat group scheme over S. 

2. Ramification theory of finite flat group schemes over S 

2.1. We begin by recalling the main construction of Let A he a finite and fiat Oi^-algebra. 
We fix a finite presentation of A over Ok 

0^ I ^Ok[xu--- ,Xn]^A^O, 

or equivalently, an S'-closed immersion of i: Spec(A) Ag. For a rational number a > 0, let X° 
be the tubular neighborhood of i of thickening a ([2] Section 3, [T] 2.1). It is an affinoid subdomain 
of the n-dimensional closed unit disc over K given by 

X''(K)^{{xi,--- ,x^)eO^\ v{f{x,,--- ,x^))>a, V/ G /}. 

Let TTo{X^) be the set of geometric connected components of X"-. It is a finite fe-set that does 
not depend on the choice of the presentation ([2] Lemma 3.1). We put 

(2.1.1) T'^{A)^MXj^)- 

For two rational numbers 6 > a > 0, X'' is an affinoid sub-domain of X". So there is a natural 
transition map T''{A) T^iA). 

2.2. We denote by AFPo^, the category of finite fiat O^f- algebras, and by fe-Ens the category 
of finite sets with a continuous action of Qk- Let 

J^: AFP^^, ^ fe-Ens 

A i-> Spec{A)(K) 
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be the functor of geometric points. For a G Q>o, gives rise to a functor 

T'' : AFP"a,, ^ fe-Ens. 

For 6 > a > 0, we have morphisms of functors : T ^ JF" and (p^ : ^ , satisfying the 
relations cj)"- — cffi o and cj)'^ — (f>1^ o <j)'^ ioi c > b > a > 0. To stress the dependence on K, we 
will denote !F {resp. ^F"") by !Fk {resp. T^)- These functors behave well only for finite, flat and 
relative complete intersection algebras over Ok (EGA IV 19.3.6). We refer to [5] Propositions 6.2 
and 6.4 for their main properties. 

Lemma 2.3 (pQ Lemme 2.1.5). Let K' / K he an extension (not necessarily finite) of complete 
discrete valuation fields with ramification index e^' /k ■ Let A be a finite, flat and relative complete 
intersection algebra over Ok- Then we have a canonical isomorphism Tj^!^ '^(A') ~ T'^iyA) for 
all a G Q>o- 

2.4. Abbes and Saito show that the projective system of functors ,T — * JF°)agQ^g gives rise 
to an exhaustive decreasing filtration (^^,a G Q>o) of the group Qk-, called the ramification 
filtration ([2] Proposition 3.3). Concretely, if L is a finite Galois extension of K contained in if, 
Gal(L/iir) is the Galois group of L/K^ then the quotient filtration {Gsi\{L/ KY)a(zQ^Q induced by 
(^^)aeQ>(j is determined by the following canonical isomorphisms 

T^iL) ~ Gal(L/A')/Gal(i/X)". 

For a real number a > 0, we put Qf^ = Ut>aC/^, and if a > Qf^ — f\b<aQ'K ' where b runs over 
rational numbers. Then is the inertia subgroup oIQk ([2J Proposition 3.7). 

2.5. We recall the definition of the canonical filtration of a finite and flat group schemes over S, 
following [l]. Let Gxs be the category of finite, flat and commutative group schemes over S. Let 
G be an object of Grs and a G Q>o- Then there is a natural group structure on jr"(A) ([1] 2.3), 
and the canonical surjection T{A) — >• T°'{A) is a homomorphism of C?i^-groups. Hence, the kernel 
G'^{K) = Ker(jr(A) !F°'{A)) defines a subgroup scheme GJJ of G,, over rj, and the schematic 
closure of G° in G is a closed subgroup scheme of G, locally free of finite type over S. We put 
G° = G. The exhaustive decreasing filtration {C^^a G Q>o) defined above is called the canonical 
filtration of G (|T] 2.3.1). Lemma gives immediately the following. 

Lemma 2.6. Let K' / K be an extension (not necessarily finite) of complete discrete valuation 
fields with ramification index Ck'/k, Ok' be the ring of integers of K' , and K' be an algebraic 
closure of K' containing K. Let G be an object ofGvs and G' — G x g Spec(Oi<-'). Then we have 
a canonical isomorphism G°'{K) ~ G""^^'/^ (A"') for all a G Q>o- 

2.7. For an object G of Grs and a G Q>o, we denote G''+ = Ut>aG'' and if a > 0, G"" = 
no<6<aG'', where b runs over rational numbers. The construction of the canonical filtration is 
functorial: a morphism u : G ^ H oi Grg induces canonical homomorphisms u"^ : G"" ^ iJ", 

. Qa+ _^ jja+ ^^^^ ^a- . Qa- _^ jja- 

Proposition 2.8 ([T] Lemmes 2.3.2 and 2.3.5). (i) For any object G of Grs, G"+ is the neutral 
connected component of G. 

(ii) Let u : G H be a finite flat and surjective morphism in Grg and a G Q>o. Then the 
homomorphism u°'(K) : G°'{K) —>■ H'^{K) is surjective. 
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2.9. Let A and B be two abelian schemes over S, (j) : A ^ B he an isogeny {i.e. a finite flat 
morphism of group schemes), and G be the kernel of (j). Let v {resp. fi) be the generic point of 
the special fiber As (resp. Bg), and Oi, {resp. O^) be the completion of the local ring of A at v 
{resp. of B at n). Let M and L be the fraction fields of (D„ and respectively. So we have the 
cartesian diagram 

Spec M ^ Spec (5^ ^ A 



Spec L ■ 



B 



^SpecO^- 

We fix a separable closure L oi L containing and an imbedding of M in L. Since 
a G-torsor, M/L is a Galois extension, and we have a canonical isomorphism 

(2.9.1) G{K) = Tk{G) ^ TL{d,) = Ga\{M/L). 

Using the same arguments of ([IJ 2.4.2), we prove the following 



A^ B is 



Proposition 2.10. For all rational numbers a > 0, the isomorphism (j2.9.1|) induces an isomor- 
phism G''{K) ~ Gal(M/L)°. 

3. Review of the abelian scheme case following 

From this section on, we assume that the residue field k of Ok is perfect of characteristic p > 0. 

3.1. Let X be a smooth and proper scheme over S, and X ~ X Xs S. We consider the cartesian 
diagram 



X^ 



■ X 



Xri 



s = Spec k ■ 



s- 



■ rj = Spec K 



and the sheaves of p-adic vanishing cycles on X-^ 

(3.L1) *^=ri?«J,(Z/pZ(q)), 

where g > is an integer and Z/p'E{q) is the Tate twist of Z/pZ. It is clear that — Z/pZ. By 
the base change theorem for proper morphisms, we have a spectral sequence 

(3.L2) EP^\X) = HP (X^,vI/^)(-g) =^ HP+«(X^,Z/pZ), 

which induces an exact sequence 

(3.L3) ^ R\Xs,Z/pZ) ^ Hi(X^,Z/pZ) ^ h0(X^, *i,)(-l 

3.2. The Kummer's exact sequence ^ fip ^ Gm G„ 

(3.2.1) hj^-.ll^O^^^^'x- 
We put U"*^ and for a £ Q>o, 

(3.2.2) U"^'^ = %(1 + TT^rO-y), 

where by abuse of notation tt" is an element in with v{t:°') = a 
([T] Lemme 3.1.1). 



h2(X^, Z/pZ). 



on Xjj induces the symbol map 



We have U''*^ 
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Passing to the cohomology, we get a filtration on H^(X^, Z/pZ) defined by: 

V°RHXjj,Z/pZ) ^ II\Xtj,Z/pZ), 
(3.2.3) U'^Hi(X^,Z/pZ) =7.-1(H0(X^,U''*^)(-1)), for a e Q>o, 

called the Bloch-Kato filtration. 

Theorem 3.3 ([IJ Theoreme 3.1.2). Let A be an abelian scheme over S , pA its kernel of multi- 
plication by p, and e' = Then under the canonical perfect pairing 

(3.3.1) pMK) X U^iArf.Z/pZ) ^ Z/pZ, 

we have for all a £ Q>o, 



pA'^+iK)^ = 



Hi(yl^,Z/pZ) ifa>e'. 



3.4. Let X be a scheme over S, X — X Xs S. For all a e Q>o, we put Sa — Spec(Oj^/ma) and 
Xa — X Xs Sa (|1.9p . We denote by D((Xi)et) the derived category of abelian etale sheaves over 
Xi. A morphism of schemes is called syntomic, if it is flat and of complete intersection. 

Let X be a syntomic and quasi-projective S-scheme, r and n be integers with r > and n > 1. 
In [13], Kato constructed a canonical object in D((-'^i)ct), and ifO<r<p— la morphism 

in^ : 3''^'^ 3'"'^, which can be roughly seen as "1/p'" times of the Frobenius map". We refer to 

^ n,X n,X c .J ! ± 

[T5] and ([T] 4.1.6) for details of these constructions. Let 5„(r)^ be the fiber cone of the morphism 
LPr — 1 for 0<''<P^l;sowe have a distinguished triangle in D((Xi)ct) 

The complexes Sn{r)j^ (0 < r < p — 1) are called the syntomic complexes of X. For our purpose, 
we recall here some of their properties for r — I. 



3.5. According to ([13] section L3), for any integer n > 1, there exists a surjective symbol map 
For a geometric point x of Xg, we put 



By ([13] 1.4.2), the above symbol map at x factorizes through the canonical surjection O- 



Theorem 3.6 ( [T3] 1.4.3). Assume that p > 3. Let X be a smooth and quasi-projective scheme 
over S. Then there is a canonical isomorphism Ti.^{Si{l)j^)—^'^xj which is compatible with the 
symbol maps 6i n'^{Si{l)j^)- and % : ei ^ ^-^^ dS^D). 
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3.7. Let X be a smooth and quasi-projective scheme over S. Let and be the absolute 
Frobenius morphisms of Xi and Si, and let X^i^ be the scheme defined by the cartesian diagram 



S I ^ S I . 

For all integers (? > 0, we denote by F the composed morphism 
where the second morphism is induced by the Cartier isomorphism 

Let c be the class in of a p-th root of (— p). We set 
(3.7.1) V = Cokcr{o^, ^ ^x, 

Proposition 3.8 ([T] 4.1.8). The notations are those as above, and we assume moreover that 
p > 3. Let X he a geom,etric point in X-g. 

(i) There exist canonical isomorphisms 

V ^ covc.{n\^f-^) ^ n'i^^y^ , Q ^ Ker(^Hi(a;;i^) ^ H\z^y 

so the distinguished triangle (j3.4.ip gives rise to an exact sequence 
(3.8.1) 0~*r ^H\Si{l)x) ^ Q^O. 

(ii) Let e(T) = X^iLo^^V*' ^ T/ien the morphism ax in p.S.ip is induced by the map 
^Xi,x Oi/pSi given by 

where a is a lift oj a & ^ICi x '^"■'^ C, ^ K is a primitive p-th root of unity. 

(iii) The composed map 

&l/p&l^^U\Si{l)^h^Q^ 
is the unique morphism sending a G ^'^ a^^da G Qx- 

Remark 3.9. Statement (ii) of Proposition 13.81 implies that, via the canonical isomorphism 
n^{Si{l)j^) ~ dS^, P can be identified with the submodule U'^*^ of defined in (jXT^ . 

Proposition 3.10 ([IJ 4.1.9). Assume that p > 3. Let X be a smooth projective scheme over S, 
t={p-l)/p. 

(i) The morphism F — c : Oj^_^ — > ^ICi fO'Ctorizes through the quotient morphism ~* ' 
and we have an exact sequence 

(3.10.1) ^ Fp ^ O^^ O^^ -> P -> 0. 
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(ii) LetSE ■■ B"(Xi,P) -> }i^(Xi,¥p) be the cup-product with the class of l\3.10.1} mExt^(P,Fp), 
and 

be the connecting morphism in (|3.1.3p . Then the composed morphism 

H°(Xi,P) ^ hO(X-,h1(5i(1)x)) ^ n°{Xs,^\) H2(X-,Fp)(l) 

coincides with C,5e, where the middle isomorphism is given by Theorem \3.6\ and C, is a chosen p-th 
root of unity. 

(iii) Assume moreover that }i'^{Xr,Oj^ ) = Os,. for r = 1 and t. Then we have an exact 
sequence 

(3.10.2) 

^ U\X^,¥p) ^ Kct(r^(X,,0^^) ^ Il\Xi,Oj^J^ ^HO(Xi,P) ^H2(X^,Fp) 

3.11. Let M be a free O-g -module of rank r and ip : M M be a semi-linear cndomorphism with 
respect to the absolute Frobenius of 0-g_^ . Following [1], we call M a if-0^_^ -module of rank r. Then 
f{M) is an O^^-submodule of M, and there exist rational numbers < ai < a2 < • • • < < 1, 
such that 

Af/^(M)~e[^iO^/ma,. 

We define the Hodge height of M to be Yli=i'^i- I^^r any rational number < i < 1, we put 
Mt = M®o^^ Og^. 

Proposition 3.12 ([T 9.1 and 9.7). Assume that p > 3. Let A be an element in O^, and ?■ > 1 
an integer. We assume v = Vp{X) < ^ and let M be a (p-0-g_^ -module of rank r such that its Hodge 
height is strictly smaller than v. 

(i) The morphism ip — X : M ^ M factorizes through the canonical map M and the 
kernel of ip ^ X : Mi-y M is an ¥p-vector space of dimension r. 

(ii) Let No be the kernel of the morphism Mi^y M induced by ip — X, and N be the O-j^- 
submodule o/Mi_„ generated by Nq. Then we have dim-j:(N/m-j^N) = dimp^ Nq = r. 

3.13. We can now summarize the strategy of [1] as follows. Let A be a projective abelian scheme 
of dimension g over S. By Proposition 13 . lOr iii) . we have 



(3.13.1) dimF^Hi(Ai,Fp) +dimF^Ker(^H"(yli,P) ^H^(Ai,F 

= dimp, Ker (r' (A, , J ^ (^i , O^^ ) 

By Remark 13.91 and Proposition 13. lOf ii). the left hand side equals dim^ \J'^iV-{ Ajj,li/pZ) (|3.2.3p . 
Taking account of Theorem 13.31 we get 

(3.13.2) 2g - dimF, {pA^+ (K)) = diniF, Ker (^H^ ( , O^J ^ R\Ai,Oj^J 

where j = ^^j-. Applving l3.12r i) to M = Hi(Ai, Oj^_^) and A = c, we obtain immediately the first 
statement of Theorem 11.41 for projective abelian schemes. In fact, Abbes and Mokrane proved a 
less optimal bound on the Hodge height ([T] 5.1.1). 
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4. COHOMOLOGICAL PRELIMINARIES 

4.1. Let / : X — > T be a proper, flat and finitely presented morphism of schemes. We work with 
the fppf-topology on T, and denote by Picx/x the relative Picard functor i?fppf/,(Gm). 

If T is the spectrum of a field, Picx/T is representable by a group scheme locally of finite type 
over k. We denote by Pic^/r neutral component, and put PiCx/r = Un>i ^^^x/t^ where 
n : Picx/T ^ Picx/T is the multiplication by n. Then Pic^/T Picxfx ^^'^ open sub-group 
schemes of Picx/r- 

For a general base, Picx/T is representable by an algebraic space over T ([4J thm. 7.3). We 
denote by Pic^/T ('^esp. Pic^/r) the subfunctor of Picx/r which consists of all elements whose 
restriction to aU fibres Xt, t eT, belong to Pic^jt (resp. Pic^^/t)- By (SGA 6 XIII, thm 4.7), 
the canonical inclusion Pic^^j^ Picx/t is relatively representable by an open immersion. 

4.2. Let / : A ^ T be an abelian scheme. If T is the spectrum of a field, the Neron-Severi group 
PicA/T /Pic^/T is torsion free, i.e. we have Pic^y^^ = Pi^A/T- This coincidence remains true for 
a general base T by the definitions of Pic^i/T and Pic^/2-. Moreover, Pic^/rp is formally smooth 
(cf. [H] Prop. 6.7), and Pic^/j^ is actually open and closed in Pica/t, and is representable by a 
proper and smooth algebraic space over T, i.e. an abelian algebraic space over T. By a theorem of 
Raynaud ([T^ Ch. 1, thm. 1.9), every abelian algebraic space over T is automatically an abelian 
scheme over T. So P abelian scheme, called the dual abelian scheme of A, 
and denoted by A^. 

Let _ff be a commutative group scheme locally free of finite type over T. Recall the following 
isomorphism due to Raynaud 6.2.1): 

(4.2.1) RI^.MHa) ^ nom{H\p-iCA/T). 

where Ha = H Xt A, is the Cartier dual of iJ, and Tiom is taken for the fppf-topology on T. 

Proposition 4.3. Let A he an abelian scheme over a scheme T , and H a commutative group 
scheme locally free of finite type over T . Then we have canonical isomorphisms 

(4.3.1) £xt^{A, H) ^ nom{H'',A''), 

(4.3.2) Ext\A,H) ^U°^pf{T,£xt\A,H)) ^Hom(ff^,A^). 
Proof. For any fppf-sheaf E on T, we have 

nom{H'',nom{E, G™)) ~ HomiH"^ ®z E, G„) ~ nom{E, H). 
Deriving this isomorphism of functors in E and putting E' = A, we obtain a spectral sequence 

El'" ^ £xV\H'' ,£xt''{A,G,,,,)) =^ £xt^+''{A,H). 
Since Wom(j4,Gm) — 0, the exact sequence 

eI'^ ^ £xt\A, H) ^ eI'^ eI'° 

induces an isomorphism 

£xt^{A,H) ~ nom{H'',£xt^{A,G,„)). 

Then (|OT^ follows from the canonical identification £xt^{A,Gm.) ~ {[8\ 2.4). For (liX^ . the 
spectral sequence 

El'" = llUT,£xt"{A,H)) =^ Ext^+^iA^H) 
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induces a long exact sequence 

^ Tllp,{T,Hom{A,H)) ^ Ext\A, H) ^ Rl^,iT,£xt\A, H)) ^ H^^ppf (T, ?^om(A, i/)). 

Since TCom{A, H) = 0, the arrow (1) is an isomorphism, and ()4.3.2p follows by applying the functor 
H0ppf(T,.)to6XID. □ 

4.4. The assumptions are those of (|4.3p . We define a canonical morphism 

(4.4.1) Ext\A,H)^Rlp,{A,H) 

as follows. Let a be an element in 'Ext^{A, H) represented by the extension Q^H^E^A^Q. 
Then the fppf-sheaf E is representable by a scheme over T, and is naturally a iJ-torsor over A. 
The image of a by the homomorphism (|4.4.ip is defined to be the class of the torsor E. Since this 
construction is functorial in T, by passing to sheaves, we obtain a canonical morphism 

(4.4.2) £xt\A,H)^Rl^^J,(HA). 

Via the isomorphisms (|4.2.ip and (I4.3.ip . we check that ()4.4.2|) is induced by the canonical map 

= Pic^/j, -> Pic^/T- 

Since H is faithfully flat and finite over T, the inverse image of the fppf-sheaf iJ by / is 
representable by Ha, i-e. we have f*{H) = Ha- Therefore, we deduce an adjunction morphism 

(4.4.3) H^RI^.MHa). 

Proposition 4.5. Let f : A ^ T be an abelian scheme, and H be a commutative group scheme 
locally free of finite type overT. Then the canonical maps (|4.4.2p and ()4.4.3p are isomorphisms. 

Proof. First, we prove that (I4.4.2P is an isomorphism. By ()4.2.ip and (|4.3.ip . we have to verify 
that the canonical morphism 

nom{H"',A"') -> UomiH"^ ,VicA/T) 

is an isomorphism. Let g : H^ Pica/t be a homomorphism over T. For every t G T, the 
induced morphism gt : H^ — > PicA^/t fa-Us actually in Pic^^^j, because H^ is a finite group 
scheme. Hence, by the definition of Pic^yp, the homomorphism g factorizes through the canonical 
inclusion A"^ = Pic^/j. Pica/t', so the canonical morphism Hom(iJ^, A^) Honi(iJ^, Pic^/y) 
is an isomorphsim. 

Secondly, we prove that ()4.4.3p is an isomorphism. For T-schemes U and G, we denote Gjj = 
G Xt U. We must verify that for any T-scheme U, the adjunction morphism 

(4.5.1) ^{U) : H{U) ^ R%^J4Ha){U) = H{Au) 

is an isomorphism. We note that H{U) = Hu{U) and H{Ajj) = Hu{Au)] therefore, up to 
taking base changes, it suffices to prove that tf[T) (|4.5.ip is an isomorphism. We remark that / is 
surjective, hence </?(T') is injective. To prove the surjectivity of (p{T), we take an element h G H{A), 
i.e. a morphism of T-schemes h : A —>■ H; hy rigidity lemma for abelian schemes (cf. [18j Prop. 
6.1), there exists a section s : T ^ H oi the structure morphism H ^ T such that s o f = h. 
Hence we have ip(T){s) = h, and (p{T) is an isomorphism. □ 

Corollary 4.6. Let T be the spectrum of a stirctly henselian local ring, f : A ^ T an abelian 
scheme, and H a finite etale group scheme over T . Then we have canonical isomorphisms 

RUA,H) ^ Hippf(A,i/) ^ Ext\A,H). 
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Proof. The first isomorphism foUows from the etaleness of H ([H], 11.7). For the second one, the 
"local-global" spectral sequence induces a long exact sequence 

^fppfiT, R°ppif*{HA)) Hfppf(A, i?) H^ppf(T,i?fppf/*(HA)) Hfppf (T, i?[?ppf/*(iJA)). 

By Prop. 14.51 we have i?fppf/*(i?yi) — H. Since T is strictly henselian and H etale, we have 
Hfppf(r,if) = YL%{T,H) = for aU integers g > 1. Therefore, we obtain Yi\^^^{A,H) ^ 
H^ppf (T, R]^^J.^{Ha)), and the corollary follows from|43]and (14X21) . □ 

4.7. Let T be a scheme, and G be a commutative group scheme locally free of finite type over 
T. We denote by Gq the additive group scheme, and by Lie(G^) the Lie algebra of G^. By 
Grothendieck's duality formula {[T7] II §14), we have a canonical isomorphism 

(4.7.1) Lie(G'') ^ HomT(G,(Ga), 

where we have regarded G and Gq as abelian fppf-sheaves on T . If T is of characteristic p and G 
is a truncated Barsotti-Tate group over T, then Lie(G^) is a locally free of finite type Ox-module 
([H] 2.2.1(c)). 

Similarly, for an abelian scheme f : A T, we have a canonical isomorphism ([S] 2.5.8) 

(4.7.2) Lie(A^) ~ Sxt'riA^Ga) ^ R^M<Ga)- 

In the sequel, we will frequently use the identifications (|4.7.ip and (|4.7.2p without any indications. 



The following Lemma is indicated by W. Messing. 

Lemma 4.8. Let L be an algebraically closed field of characteristic p > 0, R be an L-algebra 
integral over L, and M be a module of finite presentation over R, equipped with an endomorphism 
if semi-linear with respect to the Frobenius of R. Then the map if — 1 : M M is surjective. 

Proof. First, we reduce the lemma to the case R ^ L. Consider i? as a filtrant inductive limit 
of finite L-algebras {Ri)i^i. Since M is of finite presentation, there exists an i e /, and an Ri- 
module Mi of finite presentation endowed with a Frobenius semi-linear endomorphism ipi , such that 
M — Mi R and (p = ifi^a, where a is the Frobenius on R. For j > i, we put Mj = Mi (^^n. Rj 
and ifj = (fii (8>_Ri crj, where aj is the Frobenius of Rj. In order to prove ip — 1 is surjective on M, 
it is sufficient to prove the surjectivity of (pj — 1 on each Mj for j > i. Therefore, we may assume 
that i? is a finite dimensional L-algebra, and M is thus a finite dimensional vector space over L. 

We put Ml = Uri>i ^^"i = n,i>i Im((/j"). Then we have a decomposition M = 

Ml ® M2 as (^-modules, such that ip is nilpotent on Mi and bijective on M2 (Bourbaki, Algebre 
VIII §2 n° 2 Lemme 2). Therefore, it is sufficient to prove the surjectivity of </? — 1 in the following 
two cases: 

(i) if is nilpotent. In this case, the endomorphism 1 — (ys admits an inverse 1 + X]n>i V'"- Hence 
it is surjective. 

(ii) (fi is invertible. We choose a basis of M over L, and let U = {ai,j)i<i,j<n be the matrix 
of ip in this basis. The problem reduces to prove that the equation system X]j=i — Xi = hi 
{\ < i < n) in X — {xi, • • ■ , a;„) has solutions for all 6 = (61, • ■ • , 6„) G L". Since U is invertible, 
let V = {c^^j) i<i,j<n be its inverse. Then the equation system X/i=i ^« j'^j ~ ^i = bi is equivalent 
to — X]J=i ^i,3^3 ~ ^'i for 1 < i < n with b' = But these n equations define a finite 
etale cover of SpecL of degree p". Hence they admit solutions in L, since L is separably closed. 
This completes the proof. □ 
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Corollary 4.9. Let H be a Barsotti-Tate group or an abelian scheme over Si p.9p . Then 
Ext {H,¥p) = for the fppf topology on Si. 

Proof. Let Kq be the fraction field of the ring of Witt vectors with coefficients in k; so if is a finite 
extension of degree e of Kq . Let be the ring of integers of the maximal unramified extension of 
Kq in K. Then Og^ = Oj^/pOj^ is integral over the algebraically closed field k = OJ^^JpOl^^^. As 

Ext^(ii, Ga) = 0(5 Proposition 3.3.2), the Artin-Schreier's exact sequence ^ Fp ^ Ga ^ "*"> 
Ga ^ induces an exact sequence 

Ext\i7,Ga) E^t\H,Ga) Ext2(iJ,Fp) -> 0. 
Since Ext^(iJ, Ga) is a free O-g -module 3.3.2.1), the corollary follows immediately from Lemma 

11:51 ' □ 



5. The Bloch-Kato filtration for finite flat group schemes killed by p 

5.1. Recall the following theorem of Raynaud ( 5 3.1.1): Let T be a scheme, G be a commutative 
group scheme locally free of finite type over T. Then locally for the Zariski topology, there exists a 
projective abelian scheme A over T, such that G can be identified to a closed subgroup of A. 

In particular, if G is a commutative finite and flat group scheme over S = Spec(C'if), we have 
an exact sequence of abelian fppf-sheaves over S 

(5.1.1) O^G^A^B->0, 

where A and B are projective abelian schemes over S. In the sequel, such an exact sequence is 
called a resolution of G by abelian schemes. 

5.2. Let / : X — > y be a morphism of proper and smooth S'-schemes. For any integer g > 0, 
we have a base change morphism fl['^'^) — » \I>^ of p-adic vanishing cycles p.l.ip (SGA 7 XIII 
1.3.7.1). For q = \, this morphism respects the Bloch-Kato filtrations p.2.2p . that is, it sends 
f*{\]<^'^\,) to W-^]^ for all a £ Q>o. 

Passing to cohomology, we get a functorial map HP(1^, \E'y)(— g) — > W{X-s,'^\){—q) for each 
pair of integers p,q > 0. These morphisms piece together to give a morphism of spectral sequences 
(IXL^ £;(p.9)(y) ^ £;(P'«)(X), which converges to the map HP+9(% Z/pZ) ^ W+i{Xjj,E/pZ) 
induced by f^. Therefore, we have the following commutative diagram 

(5.2.1) ^ UHy-s, W) ^ Hi(% Z/pZ) ^ U^iYs, *^)(-l) HHYs, Z/pZ) 

cti 0.2 as a4 

^ Hi(X-,Z/pZ) ^ R'{X^, Z/pZ) ^ H"(X^, *^)(-l) H2(X-,Z/pZ). 

It is clear that the Bloch-Kato filtration on ll^{Xri, Z/pZ) (j3.2.3p is functorial in X. More precisely, 
the following diagram is commutative: 

(5.2.2) V''ll^{Y-ff,Z/pZf ^Hi(l%,Z/pZ) 

CK2 



WH^{Xrf,Z/pZ)^ ^lV-{Xrf,Z/pZ) 
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5.3. Let G be a commutative finite and flat group scheme over S killed by p, and ^ G ^ A ^ 
-B — > a resolution of G by abelian schemes (|5.1.ip . We apply the construction (|5.2.ip to the 
morphism A ^ B. Using Corollarv l4.6[ we obtain immediately that 



Keraa = Kcr|^Ext\B^j-,Fp) Ex.t\Ajj,¥p 

= Hom(G^,Fp) -G^(ir)(-1), 
Kerofi = Ker( Ext\B-,Fp) Ext^(yl-,Fp) 



Hom(G^,Fp) = iG6tyiK){-l), 



where G^t = G/G^^ is the etale part of G (cf. 
as follows: 

(5.3.1) _ _ 

(Ga)^(if)(-1) G^(X)(-1 



Setting N ~ Keraa, we can complete (j5.2.ip 



N- 



0- 



71 

Hi(B^, Z/pZ) 



Hi(A^, Z/pZ) 



72 

Hi(B^, Z/pZ) 



Hi(A^, Z/pZ) 



73 



■H0(i3^,vl/ij)(-l) 



■H2(S^, Z/pZ) 



HO(A^,vI/J,)(-l) 



H2(A^,Z/pZ). 



We will show later that the morphism u is surjective. 



Definition 5.4. The assumptions are those of 15. 31 We call the Bloch-Kato filtration on G'^{K), and 
denote by {\J°'G'^ (K), a G Q>o), the decreasing and exhaustive filtration defined by U"G^(if) = 
G^(7?), and for a e Q>o, 

(5.4.1) U°G''(X) =72"\U"H\B^,Z/pZ))(l). 

Proposition 5.5. Let e' ~ -^zi: G be a commutative finite and flat group scheme over S killed by 
p, and O^G^A^B^O be a resolution of G by abelian schemes (jS.l.ip . 
(i) For all a G Q>0; we have 



(5.5.1) 



U'^G''(ii:) ~Ker(u'^Hi(B^,Z/pZ)(l) \J''R\Arf,Z/pZ)il) 



-i(^7V(l)nH0(B^,U'^*i(B))^, 



where N{1) is identified to a subgroup ofIl'^{B-s,'^^{B)) 67/73(1) in (|5.3.ip . 

(ii) The morphism u : G^(-ftr)(— 1) N in ()5.3.ip is surjective. In particular, N is contained 
in the kernel of the morphism dj' (B) in (j5.3.ip . 

(iii) Under the canonical perfect pairing 

(5.5.2) G(K)xG''(K)->fip(K), 
we have, for all a G Q>o, 



G^+iK)^ = 



G^'iK) 



'G'^iK) ifO<a<e'; 



if a > e' . 
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In particular, the filtration {\J°'G'^ (K), a £ Q>o) does not depend on the resolution of G by abelian 
schemes. 

Proof. Statement (i) is obvious from definition 15.41 and diagrams (|5.2.2p and (j5.3.ip . 

For (ii) and (iii), thanks to Lemma [2.61 we need only to prove the proposition after a base 
change Ok Ok', where K'/K is a finite extension. Therefore, up to such a base change, we 
may add the following assumptions. 

(1) We may assume that k is algebraically closed, K contains a primitive p-th root of unity, and 
G(K)^G{K). 

(2) For X = A or B, we consider the cartesian diagram 

Xs -^-^ X Xr, 



s^s ^ V 

and the etale sheaf ^ = i* R^j^,{'Z,/pZ) over Xg. By an argument as in the proof of (1 3.1.1), 
we may assume that H°(Xs, vl/^) = H°(Xs, *x x)- 

Since W'-f^x = for a > e' Lemme 3.1.1), we have U"' G"" (K) = Ker(w)(l) = (Gdt)^ 
Statement (iii) for a = follows immediately from Proposition 12. Sf i). The pairing ()5.5.2p induces 
a perfect pairing 

(5.5.3) G°+(i?) X Im(?i)(l) — > ^p(K). 

In particular, we have dimy^ (lm(M)(l)) = dim^p (G*'+(iir)) . 

Let fi {resp. v) be the generic point of Bs — B-g {resp. of As = As), and F be a geometric point 
over V. Then V induces by the morphism — > /i a geometric point over /i, denoted by JI. Let 
{resp. Ou) be the local ring of i? at /i [resp. of A at v), O-p {resp. Ou) be the henselization of 
at Ji {resp. of at v). We denote by and Oi, the completions of and O^, and by {O^j)^ 

{resp. by {0,j)^) the henselization of {resp. of 0,j) at Ji {resp. at v). Let Lq {resp. Mq) be the 
fraction field of {resp. of Oi,), Lq^ {resp. Mq^) be the fraction field of O-p {resp. of 0-). We 
denote by L {resp. by M) the fraction field of {resp. of Oi,), and by L"^ {resp. by A/"'') the 
fraction field of (e>^)ii (resp. of {O^f^). We notice that vr is a uniformizing element in and in 

Ojr {d^y± 

Cm ^ Lo ^ L 

Since G = Ker(A ^ B), we have an identification Gal(A//L) ~ G(ii:) = G(i?). We fix a 
separable closure L of i, and an imbedding of M in L, which induces a surjection : Gal(L/L) 
Gal(M/L). Bv lTTUl we have (p(Gal(L/L)°) = Gal(M/L)° = G"(i?), for all a e Q>o. In particular, 
we have 

(5.5.4) v'(Gal(I/L"'^)) = Gal(M/Af n L"'') = Gal(Af"7X"'') = G°+(i?). 
Since L"'"/L is unramified, we have, for all a e Q>o, 

(5.5.5) Gal(M"7i"'')" = Gal(Af/L)" = G'^. 
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Let pb he the composition of the canonical morphisms 

H0(B„vI/1j) ^H0(S„*i3,^) ^ (v|/lJ^^V=Hl(SpecL^^^^p) ^Hl(SpecL-^Mp), 
and we define pA similarly. By functoriality and (|5.5.4p . we have a commutative diagram 

(5.5.6) iV(l) H0(B„ H0(A„ ^r^) 



PB 



PA 



^Hi(GO+(X),Aip) ^^Hi(Spec /ip) Hi(Spec M"'-,/ip), 

where the lower horizontal row is the "inflation-restriction" exact sequence in Galois cohomology. 
By ([B] Prop. 6.1), pB and pA are injective. Hence Im(M)(l) C N{1) is identified with a subgroup 
oiIl\G°+(K),pp). By assumption (1), we have {G°+ (K) , pp) = Ilom{G°+ (K), pp(K)), which 
has the same dimension over Fp as G'^^{K). Hence by the remark below (|5.5.3p . we get 

(5.5.7) lm{u){l) - N{1) ~ R\G''+ (K) , Pp) - Hom(G"+(i?), /^p(i?)). 

This proves statement (ii) of the proposition. 

Statement (iii) for a — has been proved above. Since the filtration G"^ is decreasing and 
U°G^(i4r) — G'^{K), we may assume, for the proof of (iii), that < a < e'. It suffices to prove 
that, under the pairing (|5.5.3p . we have 

G^+iK)^ = Im(u)(l) n H"(B,, U'^'-"^'^). 

From ()5.5.6|) and (j5.5.7p , we check easily that (I5.5.3P is identified with the canonical pairing 

G°+(i?) X R\G°+(K),Pp) ^ Pp(K). 

Hence we are reduced to prove that, under this pairing, we have 

(5.5.8) G'^+(i?)^ =Hi(G"+(i?),Aip)nH0(B„U^'-"*i3), 

where the "n" is taken in Hi(Spec L"^ ^p) ((5311). 

Let h : (L"'")^ — > {Spec L"^ , pp) be the symbol morphism. We define a decreasing filtration 
on H^(Spec L"'', pp) in a similar way as (|3.2.2p by 

U°H1 = H\ and U^'H^ h{l + 7r''(6^)]i) for all integers & > 0. 

We extend this definition to all b £ Q>o by setting U''H^ = U[''1h^, where [b] denotes the integer part 
of 6. By (T] Lemme 3.1.3), for aU b £ Q>o, we have R°{Bs,V''^]^) = ^U^H^ (Spec Aip)^ 
Therefore, the right hand side of (|5.5.8p is 

(5.5.9) Hl(G°+(i?),Mp)nU(*='-°)Hl(SpecL"^/ip). 

We identify }i\G"+ (K) , pp) with the character group Hom(Gal(M"''/L"''), /ip(i?)); then by (P 
Prop. 2.2.1), the subgroup (|5X9l) consists of the characters x such that x(Gal(M"''/L"'^)('='-'^)+) = 
0. In view of ()5.5.5p . we obtain immediately (I5.5.8p . which completes the proof. 

□ 
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Remark 5.6. The proof of IS.Sr iii) follows the same strategy as the proof of ([IJ Theorem 3.1.2). 
The referee pomt out that we can also reduce [575f iii) to 13.31 Indeed, the commutative diagram 




induces, by snake lemma, an exact sequence of finite group schemes —f G 
We consider the following perfect pairing 



■pB{K) 
-G(K) 



G{K) X G^(X)(-1) 



pA{K)xll\A^,¥p) 



pB{K) X Hi(i3^,Fp) ^ Fp 



■F„ 



.A 



Hi(A^,Fp) 



Hi(B^,Fp) 

72 



By functoriality, the homomorphism is adjoint to a2 and ■0 is adjoint to 72, i.e. we have 
{,(t>{x)J)B = {x,a2{f)U and {il){y),g)B = (y,72(5))G, for all x e pAiK), y e_pB(K), /_e 
Hi(%,Fp) and.g G G'^{K). BylM^ii), ■(/; induces a surjective homomorphism pB"+ (if) -> G^+iK) 
for all a e Q>o- Now statement I5.5f iii) follows from (|5.4.ip and Theorem 13.31 applied to B. 



6. Proof of Theorem 1 1.4l fi) 

6.1. For r e Q>o, we denote by Ga.r the additive group scheme over Sr (|1.9p . Putting t ^ 1 — 1/p, 
we identify Ga,t with an abelian fppf-sheaf over Si by the canonical immersion i : St ^ Si. Let 
F : Gra,i — * Ga.i be the Frobenius homomorphism, and c a p-th root of (— p). It is easy to check 
that the morphism F — c : Qa,! ^a,i, whose cokernel is denoted by P, factorizes through the 
canonical reduction morphism Ga,i Ga,t, and we have an exact sequence of abelian fppf-sheaves 
on Si. 

(6.1.1) O^Fp^Ga,* ^Ga,l ^P^O. 

This exact sequence gives p.lO.ip after restriction to the small etale topos {Xi)ct for a smooth 
S-scheme X. 

Proposition 6.2. Assume p > 3. Let G be a truncated Barsotti-Tate group of level 1 over S, and 
< = 1 — l/p. Then we have the equality 

dimp^ V^G'^iK) = diniF^ Ker (^Lic(Gt'') ^ Lic(Gi )^ , 

where \J'^G'^{K) is the Bloch-Kato filtration (j5.4p . and the morphism in the right hand side is 
obtained by applying the functor Hom^^ (Gi, _) to the map F — c : Ga.t Ga^i. 
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6.3. Before proving this proposition, we deduce first Theorem If .4r i). Let G be a truncated 
Barsotti-Tate group of level f and height h over S satisfying the assumptions of If .41 d be the 
dimension of Lie(G'^) over k, and d* — h — d. It follows from l5.5f iii) and 16.21 that 

dimFp G^+(K) = h- dim^^ Ker^Lie(G)') Lie(Gi )^ . 

bmce Lie(Gi) is a free -module of rank d* , we obtain immediately Theorem lf .4( 11 by applying 
Proposition 13 . f 21 to A = c and M = Lie(G^). 



The rest of this section is dedicated to the proof of Proposition 16.21 

Lemma 6.4. Let G be a Barsotti-Tate group of level 1 over S , t = 1 — ^. Then the morphism 
(f) : Ext"'^(Gi,Fp) Ext"'^(Gi, Gq,*) induced by the morphism Fp Ga.t in ()6.f .f |) is injective. 

Proof. By ([H] Theoreme 4.4(e)), there exists a Barsotti-Tate group H over S such that we have 
an exact sequence — > G — > H ^ 0, which induces a long exact sequence 

Ext\i?i,Fp) ^ Ext\i7i,Fp) ^ Ext^(Gi,Fp) ^ Ext2(i?i, Fp). 
It is clear that the multiplication by p on Ext^(i7i,Fp) is 0, and Ext^(_ffi,Fp) = by Corollary 



hence the middle morphism in the exact sequence above is an isomorphism. Similarly, using 
Ext^(!ffi, Ga,t) = ( 5J 3.3.2), we prove that the natural map Ext^ (Ga,t) ^ Ext^(Gi, G^.t) is 
an isomorphism. So we get a commutative diagram 

Ext^ (Hi , Fp) ^ Ext^ (Gi , Fp) 

<t>H 

Exfi , Ga,t) ^ Exfi (Gi , Ga.t), 

where the horizontal maps are isomorphisms. Now it suffices to prove that c/jh is injective. 
Let K be the fppf-sheaf on Si determined by the following exact sequences: 

O^Fp ^Ga.f ^K^O; ^ K ^ Ga.i ^ P ^ 0. 

Applying the functors Ext^(77i, _), we get 

Hom(i?i,K) ^ Ext^(i?i,Fp) ^ Ext^(i7i, Ga,t); 
^ Hom(i7i,K) Hom(i?i,Ga,i) ^ Hom(i?i,P). 

Since Hom(i/i, Ga.i) = (j^ 3.3.2), the injectivity of (fin follows immediately. □ 

6.5. Assume that p > 3. Let G be a commutative finite and flat group scheme killed by p over 
5, and O^G-^A^_B^Obea resolution of G by abelian schemes ()5.f .ip . We denote 

ViB) = Coker(e'-0^ O-gJ ((X7T|) . and similarly for V{A). According to Remark[SH we have 

an identification 

(6.5.1) H"(S3,U^*i3) ^ R"{Bs,V{B)) = R"(Bi,V{B)) 
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as submodules of lf'{B-s, ^'jj); in the last equality, we have identified the topos {B-s)ct with {Bi)et- 
We denote 



Ker(B,F-c) =Ker Hi(Si,Ga 



' - - —V, F-c ^ . V 



>Hl(Bi,Ga,l) 



= Ker Lie(B( 



Lie(Bi) 



KeT{B,6E) = Ker R'\Bi,V{B)) ^ H^(B^,Fp) 



where 6e the morphism defined in Proposition 13. f 0^ 2): we have also similar notations for A. 
Since the exact sequence p.f 0.2p is functorial in X, we have a commutative diagram 



(6.5.2) 



0- 



0- 



■Hi(B-,Fp) 

01 



Ker(B,F-c) 
■ Ker(yl, F - c) ■ 



KeT{B,SE) 
■KeTiA,SE) 



Lemma 6.6. The assumptions are those of ()6.5p . 
(i) In diagram (j6.5.2p . we have 



(6.6.1) 



(6.6.2) 
(6.6.3) 



Ker/3i = Ker Ext^(B^,Fp) ^ Ext^(A^,Fp) = {GitY {K){-iy, 



Ker ^2 = Ker( Lie(Gt'') Lie(Gi ) 



Ker /33 = H°(B^, P(B)) n iV(l) C U^'iBs, ^'b), 



where N(l) is defined in ()5.3.f p . 
(ii) We have the equality 

(6.6.4) diniF^ WG^'iK) = dimr^ Ker /3i + dimr^ Ker /Jg. 
In particular, we have 

(6.6.5) diniF^ VC^iK) > dimp^ Kerf Lie(G^) Lie(Gi ) 



Moreover, the equality holds in (|6.6.5p i/ and only if the morphism Coker /3i —>■ Coker P2 induced 
by diagram (j6.5.2p is injective. 

Proof, (i) By Corollarv l4.6l we have a canonical isomorphism Ext^ {X-g, Fp) ~ (X^, Fp) for X — A 
or _B. Hence formula (|6.6.f p follows easily by applying the functors Ext''(_, Fp) to the exact sequence 
^ Gs ^ As ^ Bs 0. Applying the morphism of functors F-c: Ext'(_, Ga,t) Ext'(_, Ga,i) 
to the exact sequence 0— >G— >A— s-0, wc obtain the following commutative diagram 



0- 



Lie(G, 



F-c 



Lie(Gi; 



Lie(B)') 



F-c 



Lie(Si) 



■ Lie(^t 



F-c 



■Lie(Ai) 
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where we have used ()4.7.1|) and (|4.7.2p . Formula (|6.6.2p follows immediately from this diagram. 
For (j6.6.3p . using (|6.5.ip . we have a commutative diagram 



Ker{B,SE) 

03 



(1) 



(2) 



Ker(Afe)— ^H"(A-,*\), 
where the maps (1) and (2) are injective. Hence we obtain 

Ker/33 = Ker(S, fe) n Ker ^H"(B^, ^^(B)) ^ H"(A^, ^'^(A)) 
^Kev{B,5E)r]N{l). 



The morphisms 5e and d^' are compatible in the sense of Proposition 13. 101 and Proposition 15.51 
implies that Ker(B, fe) n A^(l) = W{B^,V{B))^ N{1), which proves 

(ii) By the isomorphism (15.5.ip and the surjectivity of the morphism u in ()5.3.ip . we have 

exjli- 



(6.6.6) 



dimp, U^G^(if) = diniF, G^{K){-1) n U'^H^(B^, Z/pZ) 



diniF f (G6t)^(if)(-1) +dimF f 7VnH"(B-,U^*^(S))(-l) 



Then the equality (|6.6.4p follows from (i) of this lemma and (|6.5.ip . The rest part of (ii) follows 
immediately from diagram (|6.5.2p . □ 

6.7. Proof of Provosition 1 6. 2l We choose a resolution O^G^A^B^OofGby abelian 
schemes (|5.1.ip . By Lemma [6.61 we have to prove that if G is a truncated Barsotti-Tate group of 
level 1 over S, the morphism (f)i2 : Coker/3i Coker/32 induced by diagram ()6.5.2p is injective. 

By EH we have Hj^. {X-, ¥p) = Hi^ (Xi , Fp) = Ext^ (Xi ,¥p) ioi X ^ A or B. Thus the morphism 
(3i is canonically identified to the morphism Ext^(i3i,Fp) — > Ext^(>li,Fp) induced by the map 
A ^ B. Applying the functors Ext*(_, Fp) to ^ Gi Si ^ 0, we obtain a long exact 

sequence 

Ext^(Bi,Fp) Ext^(l'i,Fp) ^ Ext^(Gi,Fp) ^ Ext2(Bi,Fp). 
Since Ext^(i3i,Fp) — by 14.91 we have Coker/?! = Ext^(Gi,Fp). The commutative diagram 



0- 



0- 



■Ker(B,F-c) 

02 

■ Ker(A, F-c) 



■Ue{B^)^^Ue{B^) 



Lie(^n 



■Ue{AX), 



induces a canonical mor phism V : Coker/32 -> Cokcr7 = Ext^(Gi, Ga,t). Let : Ext^(Gi,Fp) ^ 
Ext^(Gi, Ga,t) be the morphism induced by the map Fp Ga,t in (|6.1.ip . Then we have the 
following commutative diagram 



Ext^(Gi,Fp) Coker/3i 




Coker /32 
Ext\Gi,Ga,t). 
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Now Lemma 16.41 implies that is injective, hence so is 0i2. This completes the proof. 

7. The canonical filtration in terms of congruence groups 

7.1. Recall the following definitions in [5D]. For any A G O-^^, let G'^'^^ be the group scheme 
Spec(0;^[T, j:^]) with the comultiplication given by T i-^ T (g) 1 + 1 ig) T + AT ® T, the counit by 
T = and the coinverse by T i-» — jq^^. If v{^) < e/(p — 1), we put 

and let (j)x : ^^^^ ^ ^^^"^ be the morphism of Oj^- group schemes defined on the level of Hopf 
algebras by T P\{T). We denote by Ga the kernel of 0a, so we have Ga = Spec(C»;^[T]/PA(r)). 
We call it, following Raynaud, the congruence group of level A. It is a finite flat group scheme over 
S = Spec(C'-j^) of rank p. 

7.2. For aU A e O^^ with w(A) < e/(p - 1), let 6'a : Ga ^ Mp = Spec(C';^[X]/(XP - 1)) be the 
homomorphism given on the level of Hopf algebras hy X t-^ l + AT. Then 9\®K is an isomorphism, 
and if v{X) = 0, ^a is an isomorphism. For all A, 7 £ Ojy with 11(7) < v{X) < e/{p — 1), let 
^A,7 : Ga G-y be the map defined by the homomorphism of Hopf algebras T ^ {X/j)T. We 
have 9\ ~ O-y o 6\^^. 

7.3. Let A G Oj^ with i;(A) < e/(p — 1), A be an abelian scheme over S. We define 

(7.3.1) 6x{A) : Extl(A, Ga) ^ Extl(^, /ip) 

to be the homomorphism induced by the canonical morphism 0x : G\ — > /ip, where, by abuse of 
notations, A denotes also the inverse image of A over S*, and Ext^ means the extension in the 
category of abelian fppf-sheaves over S. Similarly, let G be a commutative finite and flat group 
scheme killed by p over S] we define 

(7.3.2) 6Ia(G) : Homs(G,GA) ^ HoTa-giG , ^ip) = G"" (K) 

to be the homomorphism induced by ^a- If G = pA, where A is an S'-abelian scheme, the natural 
exact sequence ^ pA ^ A A — > induces a commutative diagram 

(7.3.3) Homs(pA, Ga) ^ Ext^(A, Ga) 



pA'iK) ^Ext^(A,Mp), 

where horizontal maps are isomorphisms (|4.3.2p . Hence, ^^a(^) is canonically identified to 6\{pA). 

Lemma 7.4. Let A, 7 £ Oj^ with 11(7) < w(A) < e/{p — 1), G he a commutative finite and flat 
group scheme killed by p over S . 

(i) 0\{G) is injective. 

(ii) The image of 9\ (G) is contained in that of 9^ (G) . 

(iii) The image of6\{G) depends only on v{X), and it is invariant under the action of the Galois 
group G&\{K / K) . 
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Proof. We have a commutative diagram 

(7.4.1) Hom^(G^, G^) Uomg{Z/pZ, G^) 

(1) 

Hom^(G)(, G^) — ^ Hom^(Z/pZ, G^), 

where the horizontal maps are induced by 6)^ : Z/pZ — > G)^, and the vertical maps are induced by 
the base change rj S. Since 9\ is an isomorphism over the generic point (|7.2p . the map (2) is an 
isomorphism. Hence statement (i) follows from the fact that (1) is injective by the flatness of G 
and G\. 

Statement (ii) follows easily from the existence of the morphism 9\^-y : G\ with 6\ — 

9^ o6\,^. The first part of (iii) follows immediately from (ii). Any a e G3l{K / K) sends the image 
of 9\(G) isomorphically to the image of 0^(^x)iC!), which coincides with the former by the first 
assertion of (iii) . □ 

7.5. Filtration by congruence groups. Let a be a rational number with < a < e/{p — 1), 
and G be a commutative finite and flat group scheme over 5* killed by p. We choose A S Oj^ with 
v{X) = a, and denote by G^(7r)[°l the image of 6'a(G). By Lemma El G'^(i?)[°I depends only on 
a, and not on the choice of A. Then (^G'^ {K)^°'\ a G Q fl [0, e/{p — 1)]) is an exhaustive decreasing 
filtration of G"" (K) by Gal(i?/i4:)-groups. 

7.6. Let A G with < v{X) < e/(p — 1), f : A S he an abelian scheme, and f : A ^ S 
its base change by — > 5*. In ( 3J §6), Andreatta and Gasbarri consider the homomorphism 
6*^(^1) : Hfppf(A, Ga) Hfppf(^,/Zp) induced by 9x, where by abuse of notation, Ga denotes also 
the fppf-sheaf Ga restricted to A. We have a commutative diagram 

(7.6.1) Extl(A, Ga) — H^ppf (A, Ga) 



Extl(A,/.p)^Hippf(A,Mp), 
where the horizontal arrows are the homomorphisms (|4.4.ip . 

Lemma 7.7. (i) The homomorphisms ip{G \) and (p(fip) in (|7.6.ip are isomorphisms. In particular, 
the homomorphism d'xiA) is canonically isomorphic to 9\{A) (|7.3.ip . 

(ii) The canonical morphism Hjppf {A, Hp) ^ ll^{Ajj, lip) is an isomorphism. Let (A^, /ip)[^^^)l 
be the image of 9'^{A) composed with this isomorphism. Then via the canonical isomorphism 
R^{Aj^,fip) ~ pA'^iK), the subgroup {Arf, fip)^"^^''^ is identified to pAV(7r)["(^)l . 

Proof, (i) For H = G\ or fip, the "local- global" spectral sequence induces an exact sequence 

(7.7.1) Hfppf (S", _R^ppf/^(iJ^)) -> Hfppf (^, H-j) '^^ ^ H^ppf (5, R}ppff^{Hj^)). 

By Prop. 14.51 and (|4.3.2p . we have isomorphisms 

H?ppf(^,i?^ppfL(i/T)) ^ il%pf(S,£xt^{A,H)) c Ext^{A,H). 

Therefore, we obtain a homomorphism i^{H) : ^[^^^^{A, H^) Ext^(A, _ff). We check that the 
composed map i^{H) o ip{H) is the identity morphism on F,xt^(A, H); in particular, ip{H) is 
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surjective. By Prop. 14.51 we have also Rfp^ff ^,{H-j) — H^; on the other hand, it foUows from ([3] 
Lemma 6.2) that Hfppf (5, i/^) = 0. Hence ij{H) is injective by the exact sequence ()7.7.ip . and 
'^{H) and ip^H) are both isomorphisms, 
(ii) We have a commutative diagram 



(1) 



(2) 

where the vertical maps are base changes to the generic fibres, and the horizontal morphisms are 
(|4.4.f p . which are isomorphisms in our case by (|4.6p and statement (i). The morphism (1) is easily 
checked to be an isomorphism using (|4.3.2p . hence so is the morphism (2). The second part of 
statement (ii) is a consequence of (i). □ 

The following proposition, together with Proposition 15.51 implies Theorem 11.61 

Proposition 7.8. Let G be a commutative finite and flat group scheme over S killed by p. Then, 
for all rational numbers < a < e/{p ~ 1), we have G^(i?)[°l = WC^iK), where U'G^(7?) is 
the Bloch-Kato filtration 



Proof. Let O^G^A^B^Ohea. resolution of G by abelian schemes (|5.1.ip . We have, for all 
A G O-j^ with < v{X) < e/{p — 1), a commutative diagram 



■ Hom5(G', Gx) 

pi 

^G'^iK) 



Ext^(B,GA) 

Sx{B) 

^pB^{K)- 



Ext-^(yl, Gx) 

ex{A) 



Hence, for all rational numbers a satisfying < a < e/{p — 1), we have bv 17.7^ 11) 

(7.8.1) G''(i?)[°l =G''(i?)npB^(i?)["l = G^(X)nHi(S^,/ip)[°l. 

According to ([1^ Theorem 6.8), the filtration (H^(i3^, /Xp)[°l, < a < e/{p— 1)) coincides with 
the filtration {Wli^{Brf, Mp), < a < ^) ((3T3l) . Hence by ([7XT|l and (|5XT|l . the two filtrations 

(G^(i?)[°l) and {WG^'iK)) on G'^ (K) coincide. This completes the proof. 

□ 



8. The lifting property of the canonical subgroup 

In this section, by abuse of notations, Ga will denote the additive group both over S and over 
S. For a rational number r > 0, we denote by Ga,r, Qr^^ and Gx,r the base changes to Sr of the 
respective group schemes. 

8.1. Following [3T], for a,c £ O-^^ with ac = p, we denote by Ga,c the group scheme Spec(C'-j^[y]/ {y^- 
ay)) over O-f^ with comultiplication 



y^y(g>l + l(g)y+—^—} ^6^'' 
l-p 

2—1 
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and the counit given hy y — 0, where Wi {I < i < p—l) are universal constants in Oj^ with v{wi) — 
(see [2T] p. 9). Tate and Oort proved that (a, c) i-» Ga,c gives a bijection between equivalence classes 
of factorizations of p = ac in O-^^ and isomorphism classes of O-j^group schemes of order p, where 
two factorizations p = aici and p = a2C2 are called equivalent if there exists u € Oj^ such that 



0-2 



'JP ^fli and C2 



Cl. 



Let A G O-j^ with < fp(A) < l/{p ~ 1). There exists a factorization p = a(A)c(A) such that 

Gx ~ Ga(\).c(\)- More explicitly, we may take c(A) = '•'^^"^J"^^^ and a(A) = and we notice 

that Vp{a{\)) = 1 — (p — l)up(A) is well defined independently of the factorization p — a(A)c(A). 

Lemma 8.2 Lemma 8.2 and 8.10). Let < r < 1 6e a rational number and A G O-f^ with 
Vp{\) <l-l/p and Vp{\P-^) > r. 

(i) Let be the morphism of groups schemes Gr^^ — Spec(C'^jr]) — > Gra,r = Spec(C';5 [X]) 

defined on the level of Hopf algebras by X t—^ X]r=i (~'^)'^^^- Then is an isomorphism. 
Moreover, the following diagram is commutative 



,(A) 



-,{\n 



F-a(A) 



where F is the Frobenius homomorphism and a(A) G Oj^ is introduced in (|8.ip . 

(ii) Let S\^r be the composed morphism Gx,r ^r'^'' ^a.r- Then S\^r generates Lie(G)^^) ~ 
Honig (GA.r, Ga^r) CLS an Og -module. 

Lemma 8.3 ([3J Lemma 8.3). Let A G Oj^ with p(^p_i-j < '^pW ^ ^j^j o^*^ f = {p ^ ^)'"p{^)- 
Then the following diagram is commutative 



,(A) 



F-a(A) 



where ti is the reduction map. 

8.4. Let A G Oj^ with Vp{X) — ^, t = I — 1/p, and G be a commutative finite and flat group 
scheme killed by p over S. We define $g to be 



..4.1) 



Hom5^(Gt,GA,t) ^ UoiRs^{Gt,Ga.,t) = Lie(G^), 



$G :Hom5(G,GA) 

where it is the canonical reduction map, and S is the morphism induced by the element (5a, t G 
Homs^(GA,t,Ga,t) (Ellii)). 

Proposition 8.5. Let A G O-j^ with Vp{X) = i, t = 1 — 1/p, and G be a a Barsotti-Tate group of 
level 1 over S, satisfying the hypothesis of Theorem \L4\ Then we have an exact sequence 

(8.5.1) ^ Hom^(G,GA) ^ Hom^^ (G*, G,,t) Hom^^ (Gi, G,,i), 

where a(A) is defined in \8.1l 
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Proof. From Lemma l8.3[ we deduce a commutative diagram 
(8.5.2) 



Hom;5^(Gi,GAa) 



Hom^^ (Gt,G 



x,t) 



■Hom^^(Gi,t;fV 



Hom^^(Gt,c;(^)) 



Pt 



Hom- 



St 



_ F-a(A) 

(Gt, Ga,t) 9- Hom- 



Pi 



(Gi,( 



where the upper row is exact and ii t and l'^ ^ are reduction maps. Therefore, the composition 
of <i>G with the morphism F — a(A) in (I8.5.ip factorizes through the upper row of (j8.5.2|) . and 
equals thus 0. Let L be the kernel of the map F — a(A) in (I8.5.ip . Then <i>G induces a map 
$' : Hom^(G, G\) — > L. We have to prove that $' is an isomorphism. 

Let d* be the rank of Lie(G^) = Hom^^ (Gi, Gq,i) over 0-g_^, and recall that Up(a(A)) = 1/p. 

Since G satisfies the assumptions of Theorem ll.4[ applying Prop. l3.12l to lAe{G^) and the operator 
F — a(A), we see that the group L is an Fp-vector space of dimension d* . On the other hand, 
Homg^(G, Ga) is identified with C^^^ [K)-^ by Theorem 11.61 Thus it is also an Fp-vector space 
of dimension d* by Theorem 11.4^ 1). Therefore, to finish the proof, it suffices to prove that is 
surjective. 

By Lemma l8.2f i). we have the following commutative diagram 



0- 



0- 



L- 



Hom^^ (Gt,G 



Hom^^ (Gt,Ga,t' 



F-a(A) 



Hom^^(Gt,Ga,t) 



F-a(A) 



Hom;5^(Gi,Ga,: 



Homo (Gt,Ga,t), 



where ii^t is the reduction map. The composed morphism a o $' is the canonical reduction map, 
whose injectivity will implies the injectivity of Thus the following lemma will conclude the 
proof of the proposition. □ 

Lemma 8.6. Assume that p > 3. Let t = 1 — A G Oj^ with Vp{X) — 1/p, and G he a 
commutative finite flat group scheme killed by p over S. Then the reduction map 

it : Hom^(G,GA) ^ Hom^^ (G*, Ga,*) 

is injective. 

Proof. We put G X5 S* = Spec(yl), where A is a Hopf algebra over Oj^ with the comultiplication 
A. An element / G Hom^(G, Ga) is determined by an element x € A satisfying 

A{x) = x®l + l(g)x + Xx(g)x 



.6.1) 



Suppose that Lt{f) = 0, which means x e rat A. We want to prove that in fact x = 0. Let us write 
X = X°"y where a>p— l>2isan integer, and y G A. Substituting x in ()8.6.ip . we obtain 

i—l 



Since Wp(j^(^)) = for 1 < i < p — I and A is flat over Ok, we see easily that y — X°'^'^yi for 
some yi G A. Continuing this process, we find that x G Haeq-^omaA — (|1.9p . □ 
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Lemma 8.7. Let G be a Barsotti-Tate group of level 1 and height h over S , and H be a flat closed 
subgroup scheme ofG. We denote by d the dimension of Lie{Gs) over k, and d* = h — d. Then 
the following conditions are equivalent: 

(i) The special fiber Hg of H coincides with the kernel of the Frobenius of Gg ■ 

(i') The special fiber of H-^ = {G/HY coincides with the kernel of the Frobenius of G'^ . 

(ii) H has rank p'^ over S and dimfe Lie(i?s) > d. 

(ii') has rank p'^ over S and dinifc Lie(-ffg^) > d* . 

Proof. We have two exact sequences 

0^ H ^G ^ G/H 

^ H-^ ^ G"" ^ H'' ^ 0. 

Denote by [resp. by 2JgJ the Frobenius [resp. the Verschiebung) of Gg- Assume that (i) 
is satisfied, then we have H'^ = Coker(QJGv) by duahty. Since G is a Barsotti-Tate group of 
level 1, coincides with Im(2JG'v) = Ker(5'Gv). Conversely, if Hj- = Ker(3^Gv), we have also 
Hg = Ker(3^Gj. This proves the equivalence of (i) and (i'). 

If (i) or (i') is satisfied, then (ii) and (ii') are also satisfied (SGA 3i VIIa 7.4). Assume (ii) 
satisfied. Since Ker(g'//^) has rank pdimi, Lic(H3) ^^^^^ -j ^^^^ contained in both Ker(g'G^) and 
Hg, condition (ii) implies that these three groups have the same rank; hence they coincide. This 
proves that (ii) implies (i). The equivalence of (i') and (ii') is proved in the same way. □ 

8.8. Proof of Theorem \1.4\ ii)- By Lemma 15771 the following lemma will complete the proof of 
mii). 

Lemma 8.9. Let G be a Barsotti-Tate group of level 1 and height h over S , satisfying the hypothesis 
of Theorem \1.4\ d be the dimension o/Lie(Gg ) over k, and d* = h — d. Let H be the flat closed 
subgroup scheme Gp^^ , and = {G/HY . Then has rank p"^ over S and dim^ Lie(_ffj^) > 
d*. 

Proof. Since H has rank p"^ over S bv ll.4r i). has rank p"^ over S and dimp {G/ H){K) — d* . 
Let A G O-f^ with Vp(A) = 1/p, and t — 1 ~ 1/p. The canonical projection G G/H induces an 
injectivc homomorphism 

(8.9.1) Homs(G/i7, Ga) ^ Homg(G, Gx). 

By TheoremUm H^iKp^ = Ylova-giG /H , Gx) is orthogonal to (G/iJ)?^ + (i?) under the perfect 
pairing {G/H)(K) x H^{K) ^Jip{K). As H = G5^ + , Prop. ^B}i) implies that the group 
scheme (G / H)p^^ is trivial. Hence we have 

dimF, Homg (G/i?, Ga) = dimp, H^(K) = d* = dimp, Hom^(G, Ga), 

and the canonical map (|8.9.ip is an isomorphism. By the functoriality of $g (|8.4.ip . we have a 
commutative diagram 

(8.9.2) Homg(G/i?, Ga) = Hom^(G, Ga) , 

&G/ff 

Ue{Hf) ^ Lie(G)') 



where the lower row is an injective homomorphism of -modules. Put A'o = Homg^(G, Ga), 
M = Lie(Gi ) and Mt = Lic(Gi ) ®o_ O^^ = Lie(G^). BylHTSju), Nq is identified with the kernel 
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of F - a(A) : Mt M. Let N be the Oj^-submodule of Mt generated by iVo- Applying [37T2f ii) to 
the morphism F — a(A), we get 

dimj:{N/mj^N) = dimw^ Nq = d* . 

By (|8.9.2p . N is contained in M' = Ue(Hf) C M. By applying Lemma lCT?! (ii) below to C M', 
we obtain 

(8.9.3) d* = dim^(7V/m;^7V) < dim^:(Af7m7^M'). 

Let be the module of invariant differentials of Hf over Cg^- Then we have = 

w-TTi ^Ott ^ and 

t St 

M' = Lie(i7f ) = Homo^^ (luj^^ , O^J. 
Applying Lemma 18.101 (i) to uj-ft± , we obtain 

(8.9.4) dim^(Af7m-^Af') = dim^rw^^. 

From the relations Lie(iJjj'^) ®kk ^ Lic{H^) = llomj:{ujff± , k), we deduce 

(8.9.5) dim-j:ujfj± = dimkLie{H^). 

The desired inequality dim^ Lie(F3-L) > d* then follows from (gS^, ((H^Ol) and 

□ 

Lemma 8.10. Lef t be a positive rational number, M be an O-g -module of finite presentation. 

(i) Put M* = Homo- (M,©^^. Then we have dimj:(M*/m-^M*) = dimj:(Af/m-^Af). 

(ii) If N is a finitely presented O-g^-submodule of M , then dmi-^{N / m-j^N) < dimj:(Af/m;j^Af ). 

Proof. Since M is of finite presentation, up to replacing X by a finite extension, we may assume 
that there exists a positive integer n and a finitely generated C'/f/7r"C'if -module Mq, where tt is 
a uniformizer of Ok, such that O-g^ — Oj^/tt"0-i^ and M — Mq ®Ok ^T(- Note that there exist 
integers < ai < • • • < n such that we have an exact sequence of Oi<--modules 

(8.10.1) O^O^^O^^A/o^O, 

where (p is given by {xi)Ki<_r ^ iT^°''Xi)i<i<r. In order to prove (i), it suffices to verify that 
dimfc(A^o*/7rA'fo*) = dimfe(Aio77rA'fo), where A/^ = Homo^ (Afo, OA'/Tr"©^). Let 

{OK/n^OKV ^ {OkIi^^'OkY ^ Mo ^ 
be the reduction of (jS.lO.ip modulo vr". Applying the functor Homc)^(_, Ok/t^^'Ok) to the above 
exact sequence, we get 

^ A/o ^ {Ok/^^'OkY ^ (OkI^'^OkY 

with = V3„. Hence A/* is isomorphic to the submodule ©[^i(7r"-'''OK/7r"Oif) of (Oif/Tr"©^)'', 
and we have 

dimfc(Af*/7rA//*) = r = dimfe(A//o/7rAfo)- 
For statement (ii) , by the same reasoning, we may assume that there exists a finite O/f -submodule 
iVo of Afo such that N ^ No ®Ok O^.^e need to prove that dimfe(iVo/7riVo) < dimfe(A^o/7rA<fo). 
Let ttA/q be the kernel of of the multiplication by tt. We have an exact sequence of Artinian 
modules 

-> ^A/o -> Mo ^ Mo A/o/vrAfo ^ 0. 
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By the additivity of length of Artinian modules, we obtain dimfc(7rMo) = diuikiMo/TrMQ). Sim- 
ilarly, we have dimkiTrNo) = dimk{No/TrNo). The assertion follows from the fact that ^A^o is a 
submodule of ^Mq. □ 

Remark 8.11. If we could prove the exact sequence ()8.5.ip without knowing a priori the rank of 
Homg(G', Ga) for Vp{X) = 1/p, then we would get another proof of the existence of the canonical 
subgroup of G. Since then, by Proposition 13 . 1 21 and ()8.5.ip . llom-g{G , G \) has Fp-rank d* under 
the assumptions of 11.41 Then we identify it to be a subgroup of G"^ {K) by 0\{G) (|7.3.2p . and 
define H to be the subgroup scheme of G determined by H{K)^ = Homg(G', Ga)- The arguments 
in this section imply that H is the canonical subgroup of G. For abelian schemes, this approach is 
due to Andreatta-Gasbarri [S]. 
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